
S O L U T I O N  O F  H E A T - C O N D U C T I O N  P R O B L E M  W I T H  

V A R I A B L E  H E A T - E X C H A N G E  C O E F F I C I E N T  

V.  N .  K o z l o v  UDC 536.21 

Exact  solution is obtained in the f o r m  of an infinite s e r i e s  of the heat-conduct ion equation 
with boundary condition of the third kind and t i m e - v a r i a b l e  hea t -exchange  coefficient .  

Considerable  attention has  been focused lately on solving p rob lems  of nonsta t ionary  heat  conduction 
with va r i ab le  hea t -exchange  coefficient  [1-10], their  impor tance  in p rac t i ca l  applicat ion being the main 
r eason.  

The mathemat ica l  formula t ion  of the p rob lem in the case  of a p lanar  body is as follows: 

0o (x, Fo) _ 090 (X, Fo) (1) 
0 Fo OX ~ ' 

00 (i, Fo) _ Bi (Fo) [Or (Fo) - -  O (I, Vo)], (2) 
OX 

O0 (0, Fo) = O, (3) 
o x  

(9 (X, 0) = 0. (4) 

It is not poss ib le  to obtain an exact  solution of Eq. (1) subject  to conditions (2)-(4) in which the func-  
tion Bi (Fo) is a r b i t r a r y .  Various approx imate  methods can b e  found in the prev ious ly  ci ted a r t i c l e s .  

We will consider  h e r e  the ease  of g rea t  in te res t  in p rac t i ce  in which the function Bi (Fo) can be 
r e p r e s e n t e d  in the fo rm 

Bi (Fo) = C o - -  fo (Fo), (5) 

where  C O = const  and the Laplace  t r ans fo rma t ion  of the function f0(Fo) is a ra t ional  function which vanishes  
at infinity, that is,  the function f0(Fo) can be r ep re sen t ed  as a ra t ional  combinat ion of s ines ,  cos ines ,  po ly-  
nomials  and exponentials;  then it is poss ib le  to obtain an exact  solution of the p rob lem (1)-(4)  in the f o r m  
of an infinite s e r i e s .  To this end, the method is used of "bifrequency t r an s f e r  function" which was applied 
in the analysis  of control  s y s t e m s  descr ibed  by different ial  equations with t i m e - v a r i a b l e  coeff icients  [11]. 
A b r i e f  descr ip t ion  of this method used for  solving the p rob lem (1)-(4) is given in the Appendix. 

An ordinary  differential  equation for  the function O(1, Fo) will now be obtained f r o m  0-)-(4). 

Let  us denote the r ight -hand side of the condition (2) by q (Fo) 

or ,  by inser t ing (6) into (2) 
q (Fo) = Bi (Fo) ice (Fo) - -  e (1, Fo)], (6) 

oo (1, Fo) q(Vo). (7) 
OX 

By solving Eq. (1) subject  to the boundary conditions of the second kind (7) and (3) one obtains [12] 

~-(I ,  s) 1 
~(s) ) '  ~-th V s  ' (S) 

Dzerzhinski i  Insti tute of Heat Engineering of the Soviet Union, Moscow. Trans la t ed  f rom Inzhenerno-  
Fizicheski i  Zhurnal,  Vol. 18, No. 1, pp. 133-138, January ,  1970. Original  a r t ic le  submit ted March  10, 1969. 

O 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher [or $15.00. 

100 



w h e r e  

(1, s )=  L O(1, Fo), q(s)= L q(Fo). 
FO~$ FO~S 

By expanding  tanh f s  in (8) into a s e r i e s  and mul t ip ly ing  it by 4"s one obta ins  

-q(s) = als + azs 2 + . . . +a,~s"  + . . .  
~(1,  s) 

In the s e r i e s  (9) the coe f f i c i en t s  an,  n = 1, 2 . . . . .  a r e  cons tan t ,  the i r  ae tuaI  n u m e r i c a l  va lues  be ing  of no 
i n t e r e s t  to us .  

FO) 

(9) 

By taking the i n v e r s e  L a p l a c e  t r a n s f o r m  of (9) and us ing  (6) an o r d i n a r y  d i f f e ren t i a l  equat ion  fo r  | 

co 

Z a. o (1, Vo) = % (Vo) oc (Zo) (lo) a o (Fo) O (1, Fo) + a~ d~on 
n = l  

is ob ta ined  w h e r e  

a o (Fo) --= b o (Fo) = Bi (Fo). (I 1) 

One obta ins  the so lu t ion  of the o r ig ina l  p r o b l e m  (1)-(4) f r o m t h e  so lu t ion  of Eq. (10) as  the i n v e r s e  
L a p l a c e  t r a n s f o r m  of the fol lowing e x p r e s s i o n  [12]: 

'-O(X, s) -- ch 1 / - s X  O(I  s). (12) 
ch V~- ' 

It can be  shown that  the l e f t - h a n d  s ide  of  (10) is u n i f o r m l y  c o n v e r g e n t  and this enab les  one to u s e  the 
me thod  d e s c r i b e d  in [11] to so lve  the equat ion  (see Appendix) .  

Us ing  the f o r m u l a  (A.2) the funct ion ak(T ) is d e t e r m i n e d  

%('c) =ao ( , ) ,  a~ (z )=a~ ,  k = l ,  2 . . . .  (13) 

By employ ing  (5) and (11) and denot ing  the cons tan t  coe f f i c i en t s  of  Eq. (10) by C k one obta ins  

c% (z) = C o - -  [0 (~), ~zh = Ck, k = I, 2 . . . .  (14) 

It fo l lows f r o m  (11) that  the funct ion 

130 (0 - % (~). (is) 

Using  the f o r m u l a  (A.6) t o g e t h e r  wi th  (13) and 0-4) the funct ion ,I,(s) is f o r m e d ,  n a m e l y  

o r ,  in a c c o r d a n c e  with  the expans ion  (9), 

(s) ---- C o + Z a1'sh' (16) 
k = I  

W (s) = Co + 1 / s t h  ( ~ .  

The  z e r o t h  t e r m  (A.5) of the s e r i e s  (A.4) is 

(17) 

w h e r e  

W o (s, p) =. B~ (p) (18) 
C O + ] / s t h  ]/rE ' 

Bo(p)  = C---O-~ - - F o ( p ) ,  F o (p) = L fo(~).  (19) 
p "~P 

In the c a s e  unde r  c o n s i d e r a t i o n  the b i f r e q u e n c y  t r a n s f e r  funct ion (A.10) is  g iven  by 

W,, (s, q) = F~ (q) 
C o + ] / s t h  V s "  (20) 

E m p l o y i n g  the e x p r e s s i o n s  (18) and (20) and a l so  the f o r m u l a  (A.9) one can now find any t e r m  of the 
s e r i e s  (A.4) and obtain  subsequen t ly  by us ing  the f o r m u l a  (A.12) the so lu t ion  of Eq. (10) in the i m a g e  domain .  
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An e x a m p l e  wil l  now be  g iven .  Let  

O e = 1, Bi (Fo) ----- Bi~, - -  (Bi z -  Bil) exp (--  ~, Fo). 

F r o m  (18) and (20) one obta ins  

W0(s ' P ) ~ (  Bi 2 Bi~--Bi~ ) 1 
p p + k ~o (s) 

W u (s, q) Bi2 - -  Bi l  1 , 
q + L T O (s) 

r e s p e c t i v e l y .  It was  a s s u m e d  in the above  that  

~Fm (s) = Bi~ + V s + mX th 1/s + m~,, m = O, 1 . . . .  

(18') 

(20,) 

The funct ion Wu(S, q) of (20') has  one s i m p l e  pole  ql = - ) t  with r e s p e c t  to the a r g u m e n t  q. 
u s ing  (A.9) one has  

W~ (s, p) = Biz--  Bil W,,_I (s + %, p + k), v = 1, 2 . . . .  (22) 
~o (s) 

By employ ing  the f o r m u l a  (22) the b i f r e q u e n c y  t r a n s f e r  funct ion W ( s ,  p) is obta ined as  
Qo 

(23) Z.a t, / ,q 

~,=o p + ~ Z .  p + ( v + l ) X  ]-I ~.~(s) 
r n ~ 0  

Using  (A.12) and b e a r i n g  in mind that  ~c(S) = l / s ,  
I n s e r t i n g  it into (12) one obta ins  

c h ] / s X ' ~ (  Bi. Bi2--Bi~ ) (Bi ' - -Bi0 'J  (24) 
g (X, s) -- ch V s  ~ s + v)~ s -1- ('r @ 1) ~, 

(21) 

T h e r e f o r e ,  

the solut ion  of Eq.  (10) is found in the i m a g e  domain .  

I~I lt'r~ (s) 
m~----O 

The e x p r e s s i o n  (24) is a so lu t ion  of the L a p l a c e - t r a n s f o r m e d  equat ion (1) and the b o u n d a r y  condi t ions  
(2)-(4) for  the adopted funct ions  | and Bi(Fo) .  The so lu t ion  of the p r o b l e m  in the t ime  domain  is g iven  
by  

O (X, Fo) = 1 + cos ~0~,~ 
~ 0 m 0 n 

(Bi2 - -  Bil) ~ 

k = O  
le4m 

Bi 2 Bi.2 - -  Bi 1 ] 
X ' v  2 L - -  ~ . .  (v+-i) ~---Z-~,n] exp ( - -  ~ ,n  Fo). (25) 

In the above Sm, n denote  the roo t s  equat ions  ~I,m(S ) = O, m = O, 1, 2 . . . . .  which  can  be d e t e r m i n e d  by  
us ing  the f o r m u l a  

sra,~ = ~ (F~ + m~) = ~ ~2 n .= 1, 2, (26) �9 r n , n  ~ " " " ~ 

in which  Pn a r e  the r o o t s  of the t r a n s c e n d e n t a l  equat ion 

1 (27) - -  I~ = ctg ~t, 
Bi~ 

It was  a s s u m e d  in (25) that  t he re  a r e  no mul t ip le  po les  in (24). 

In the a p p r o x i m a t e  computa t ions  fo r  the f o r m u l a  (25) one can only use ,  a s ,  s i m i l a r l y  in the cons t an t  
c r i t e r i o n  of Biot ,  a f in i te  n u m b e r  of t e r m s  s ince  with m and n i n c r e a s i n g  the exponen t i a l s  d imin i sh  r ap id ly .  

A p p e n d i x  

In [11] the fol lowing o r d i n a r y  d i f fe ren t i a l  equat ion is cons ide red :  
N M 

dn y (t) = b,~ x (t), a n ( t ) ~  . (t) 

n ~ O  t n = O  

M ~ .  Ni (A.1) 
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The equation can be solved by using the so -ca l l ed  b i f requency t r a n s f e r  function. 

If the functions 
N 

Z dn_k 
a k ('c) = ( ' l ) n - ~  Cnk d ~  a~ (T) 

n=/~ 

(A.2) 

which depend on the coeff icients  of the lef t -hand side of Eq. (A.1) can be r ep re sen t ed  in the f o r m  

ak (~) = Ck - -  fh (~), (A.3) 

in which C k = const ,  and the Laplace  t r a n s f o r m s  of the functions fkff) a r e  ra t ional  functions which vanish at 
infinity, then the b i f requency t r a n s f e r  function W(s, p) can be de te rmined  as an absolutely and uni formly  
convergent  s e r i e s  

W (s, p) = s IV, (s, p). (A .4) 

v = 0  

The zeroth  t e r m  of the s e r i e s  is given by the formula :  

where  

M 

12; Wo (s, p) = �9 (s) shBk (p)' (A.5) 

/ ~ 0  

N 

(s) = Z Cksk' (A.6) 
#=0 

B~ (p) = L ~.(x), (A.7) 
T~p 

M 
Z d~_h ~(~) = ( - - l )m-kG ~ b.~(~), (A.8) 

m = k  

and the subsequent  t e r m s  a r e  obtained f r o m  the r e c u r r e n c e  re la t ion  

W v (s, p) = 
Z 1 { d vi-I 
j=x dq vi-I 

[ ( q  - -  qj)"~i W u (s, q) W~_~ (s - -  q, p - -  q)j ~ �9 
/ 

q=qi 

(A.9) 

In the above,  i denotes the number  of poles in the second a rgument  q of the b i f requency t r an s f e r  function 

where  

N 

1 Z W~ (s, q) : �9 (s) skFk (q)' (A.10) 

k=O 

F h (q) = L h~ ('0, (A.1I) 

and u. is the mult ipl ic i ty  of the j - th  pole.  
J 

Having found the b i f requeney t r a n s f e r  function W(s, p) one finds the solution of Eq. (A.1) in the image 
domain given by the fo rmula  

1 
r ( s ) =  (~tj_[.1)! X - -  

i=~ dP~l-~ 
- -  [ ( p -  pj)~J ~ (s, p) x (s - p)] }.=pj, (A.12) 

where  the sum is extended over  all  i poles pj of the second a rgument  of the function W(s, p) and #j denotes 
the mult ipl ici ty of these poles .  
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Oc 
X 

L 
a 

x = x/L 
Fo = a t /L  2 
Bi(Fo) = o~(Fo)L/X 
t 

N O T A T I O N  

~s the temperature of the plate; 
~s the temperature of the medium; 
m the space coordinate; 
is the thickness of the plate; 
~s the coefficient of temperature conductivity; 
m the heat-conduction coefficient; 
is the heat-exchange coefficient; 
m the nondimensional coordinate; 
m the Fourier number; 
is the Biot criterion; 
is time. 
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